The purpose of this paper is to highlight students' misconceptions of the kinematics of rolling movement and to show mechanisms that can help the student to overcome them. In particular, it focuses on the relationship between the angular and linear acceleration of a rigid body that moves without slipping. Frequently, physics books show particular examples of rolling movement instead of treating the underlying physics. Consequently, students can develop misunderstandings that lead to errors when solving more general cases. In this paper, I suggest how the physics teacher can deal with these problems. First, I discuss how to best teach the kinematics of the plane movement in a rigid body. Second, I propose several examples that can point out the misconceptions to the students and help them to restructure their knowledge.
Introduction
The topic of the dynamics in a rigid body is very important in the curriculum of future engineers. Due to the complexity of the subject, some aspects of it, such as energetic matters or frictional forces, have been treated in previous papers [1] [2] [3] [4] [5] . This paper is limited to the case of general plane movement, in which all the particles in the rigid body move in fixed planes; these planes are all parallel to the frame of reference. In particular, it focuses on the relationship between the linear acceleration of the centre of mass and the angular acceleration of a solid that is rolling without slipping.
I have chosen this topic based on my experience as a physics teacher of first year engineering students. I have observed that many students apply rote learning expressions when they solve rolling with non-slipping problems. In my view, this is in part due to the approach usually used in introductory physics books. The objective of this paper is to show mechanisms that can lead students to deal with the subject in a general way and avoid the use of rote learning expressions.
The first part of the paper reviews the treatment given in physics books at university level to the kinematics of a rigid body that is moving without slipping. We shall see that for the most part they limit the study to the analysis of simple cases. A very common example treated is a homogeneous disc that rolls without slipping on the ground. In this case, the linear acceleration of the centre of mass equals the product of the angular acceleration and the radius. The problem with this approach is that the students often then apply by rote the mentioned relationship between accelerations to cases in which it is no longer valid: for example a disc rolling without slipping on a belt that moves with nonzero acceleration.
In my view, in a calculus-based physics course for engineers many pitfalls that arise when the students solve a problem related to the kinematics of a rigid body could be avoided if (a) the teacher gives a careful definition of rolling without slipping before the discussion of particular examples; (b) the student acquires the habit of using vectorial calculus to relate the velocities and accelerations at the different points of a rigid body.
After a review of the treatment given in physics books and taking into account the two ideas above the paper outlines a proposal for the teaching of rolling without slipping. The starting point for the discussion will be the relationship between the velocities (accelerations) at different points of the same rigid body. After, we shall see how to obtain the connection between the acceleration of the centre of mass and the angular velocity with these relationships and the condition of rolling without slipping. Finally, we shall show several examples that illustrate and reinforce the presented approach.
Review of the kinematics of a rigid body that moves without slipping given in physics books
When we analyse how the kinematic relations of a solid moving without slipping are treated in physics books at university level we see that, usually, they consider three examples. As we shall show, in these cases we attain a direct dependence between the linear acceleration of the centre of mass (or the acceleration of a point of the border of the disc in the case of pure rotation) and the angular acceleration.
The first example is given in the analysis of pure rotational movement. The proposed exercise is to analyse the movement of a rope in a pulley that is spinning [6] [7] [8] [9] [10] (figure 1). As the rope does not slip the linear velocity of the rope and the velocity of peripheral points of the disc are equal. We can get a kinematic relation without resorting to vectorial calculus. Our starting point is the geometrical connection between the displacement of a point on the border of the disc, dS, and the rotated angle, dθ :
R α a CM P From the previous equation, we attain a relation between velocities:
where v and ω are the linear and angular velocities of the disc. Differentiating again, we reach the expression for the accelerations:
where a and α are, respectively, the linear and angular accelerations of the solid. Usually, after the rotation the books study the rolling movement. Two well-known examples of this motion are
• a disc that rolls without slipping on the ground [7] [8] [9] [10] (figure 2); • a yo-yo fixed at one extreme [6, 8, 9] (figure 3).
To get the dependence between the acceleration of the centre of mass and angular acceleration, the physics books generally follow two procedures. The first one is geometrical and analogous to the one used in the previous example. We consider that the disc or yo-yo rolls an angle dθ . From the figures, it is evident that the distance covered by the centre of mass dS CM is equal to the length of circumference in contact with the ground (or the rope):
Taking the derivatives, we get Figure 4 . The motion of a rigid body as superposition of translational and rotational motion, in the case of a disc that is rolling without slipping on a flat surface at rest. Differentiating again we get the desired relationship between linear and angular acceleration:
Another line of reasoning to arrive at equations (5) and (6) takes as its starting point the consideration of the plane movement as a superposition of translational and rotational motion [7] [8] [9] . This consideration, plus the condition that the velocity and tangential acceleration are zero at the contact points, leads us again to the expressions (5) and (6) (see figures 4 and 5).
When the discussion in the classroom is limited to these simple models we have the risk that the student will apply by rote relation (6) to all cases where there is rolling without slipping.
This belief in a linkage between rolling without slipping and expression (6) can be reinforced by the declarations of some authors who refer to the equality (6) as the necessary condition for non-slipping [7] . Other authors say that equations (5) and (6) can be applied to any rolling motion [10] . To avoid confusion, they should mention that this is only valid when the geometrical centre of the rolling body coincides with the centre of mass and it rolls on a base that has zero velocity and acceleration.
Alternative approach to the kinematics of a rigid body that moves without slipping
In this section, I outline an alternative approach that can be applied to every rigid body that rolls without slipping [11] [12] [13] . The objective is to give a treatment based on general principles and procedures that discourages the student from applying particular expressions only valid in special conditions.
The central question is how to deal with the problem of movement without slipping in a general way. To answer this we have first to address other questions. What is the definition of rolling without slipping? What kinematic conditions are consequences of the definition? When we have answered these questions we shall be in a position to analyse the final question: How we can attain from the kinematic conditions the relationship between angular acceleration and the acceleration of the centre of mass?
In the next section, the results of these inquiries will be applied to specific cases. The definition of non-slipping between the surfaces of two rigid bodies is that the relative velocity of the contact points be zero. Moreover, from this condition we can deduce that the tangential acceleration of the contact points will be the same [11, 12] . Notice that zero relative velocity (acceleration) at the contact point does not imply, as we shall show in the next section, absolute zero velocity (tangential acceleration) at this point.
Taking as departing point the kinematic relations linked to the definition, we can obtain the wanted connection between the linear acceleration of the centre of mass and the angular acceleration with the aid of vectorial calculus.
To get the desired relations we have only to take the expressions that relate the position, velocity and acceleration at any points A and B, particularize them to points of a solid. For example, A and B could be the centre of mass and point of contact respectively. These relations are, We are going now to particularize expressions (8) and (9) to the case in which A and B are points of the same slab of a rigid body that moves in a plane [11] [12] [13] . Every movement of a rigid body can be decomposed as a translation of a point (A, for example) and a rotation around this point (see figure 6 ). From the definition of rigid body, the distance between two points of the body is constant, thus the relative position vector has constant modulus. As a consequence, the relative velocity is that associated with the rotation around A and can be written as v B/A = ω × r B/A (10) where ω is the angular velocity, a vector that is perpendicular to the plane of movement of the rigid body.
With the aid of (10), the equations (8) and (9) reach the form
where α is the angular acceleration vector. This vector is perpendicular to the plane of movement and has the same direction as the angular velocity.
Applying the properties of the vectorial product we obtain Equations (11)- (13) are valid for two points of the same slab of a rigid body. In the case of a disc, we shall apply them to two points: the centre of the disc (B) and the point of contact (A). As the velocity and tangential acceleration of the contact point are known, applying equations (11)- (13) we shall obtain the desired kinematic relations for the centre of the disc.
In the case of a homogeneous disc, the centre of mass coincides with the geometric centre of the disc. Moreover, if the disc is rolling without slipping on the ground, or the pulley has one extreme fixed, the velocity (tangential acceleration) at the contact point will be zero. Taking this into account, we can deduce easily expressions (5) and (6) for figures 2 and 3.
Examples of kinematic relations in general plane movement
At present, the theory most widely accepted for the learning-teaching process is the constructivist one. According to this theory, in order to help students to overcome their misconceptions it is necessary to introduce examples that question their previous mental models [14] . As we have already mentioned, it is frequently the case that our physics students believe that the equations (5) and (6) are valid for any disc that is rolling without slipping. However, these expressions are not valid in some particular cases. It is therefore important that the students reformulate their previous concepts. The purpose of this section is to give examples that may help them in this.
The three first examples proposed try to show to the student the limitations and conditions of applicability of the equations (5) and (6) . The third and fourth examples illustrate the kinematic relationships between several points of the same rigid body,consequently reinforcing the concepts previously acquired.
Although the examples given in this section involve translation plus rotation, the same treatment will be valid in any case of plane movement. In particular they will be valid for pure rotation. This is the practical case of gears [11] . Example 1. In the first example we consider a homogeneous disc (thus its centre of mass coincides with its geometrical centre) that is moving without slipping on a surface that has a linear acceleration a 1 ( figure 7) . This is the practical case of a conveyor belt. As the disc does not slip the tangential acceleration of the contact point of the disc, P, is the same as the acceleration of the belt, a 1 . Now, we can obtain the acceleration of the centre of mass by applying equation (13) and choosing as points A and B, the point P and the centre of mass respectively:
We can get from expression (14) the physical information contained in the product angular acceleration by the radius for the field of accelerations of the rigid body. This term gives us the relative tangential acceleration of two points that are at a distance R apart: point P and the centre of mass.
An analogous expression to (14) can be achieved (but in terms of velocities) if we apply that the velocity of the contact point P is the same as the instantaneous velocity of the belt, v 1 .
Although this paper's main focus is kinematic, I give a dynamics idea. Notice that, as the velocity of the contact points are the same, the frictional force is static (zero relative velocity of the contact points), even if the disc is not at rest. It is my hope that this example reinforces the exercises that I have given previously to my students on the theme of the dynamics of the particle. In those previous examples the frictional force is static but the particles involved have acceleration with reference to the ground, figure 8 . The examples of figures 7 and 8 portray the idea that static frictional force is linked to relative zero velocity, which of course does not imply zero velocity.
Example 2.
Let us now examine an inhomogeneous disc that is rolling without slipping on the ground (figure 9) [12, 13] . Notice that in this case, the centre of mass does not coincide with the geometrical centre of the figure, point O. First, we need to obtain the relationship between the angular and the linear acceleration of the geometric centre. We apply relation (13) to the points O and the contact point, P. As there is rolling without slipping, the tangential acceleration of the contact point is zero and we get the following expression for the acceleration of point O:
This situation helps the student in acquiring the idea that the term α R is the relative tangential acceleration of two points of a rigid solid that are at a distance R apart.
If we want to get the acceleration of the centre of mass, we have to apply again relation (13) to the points O and the centre of mass:
In this case, the result will depend on the position of the centre of mass. For the sake of simplicity, we consider the instant reflected in figure 9 . Using the coordinate system of figure 6 , we obtain
We now turn our attention to expression (16b). We see that the last term on the right is the tangential relative acceleration between the centre of mass and the geometrical centre O, points that are at a distance r 1 apart. This result reinforces the idea of the previous example; two points, distance d apart, have a tangential relative acceleration αd. The second term on the right is the relative normal acceleration between the points O and the centre of mass.
Example 3.
Imagine now a yo-yo with an extreme with linear acceleration a 1 (see figure 10) . What about the tangential accelerations of points P and Q of the disc when the rope does not slip? As there is no slipping between the disc and the rope, the tangential acceleration of point P is the acceleration of the rope a 1 . Using the vectorial relation (13) for the point P and the centre of mass we obtain
If we apply again expression (13) to the centre of mass and point Q, we get the tangential acceleration of point Q:
R α a 1 a CM P Example 4. Finally, we consider the situation shown in figure 11 . The discs have radius R and are rolling without slipping on the ground. There is a table over the discs. We want to know, what is the acceleration, a, of the table in the case of movement without slipping between the table and the discs?
As a first step to answering the question, we want to find the acceleration of the centre of mass of the disc. If we bear in mind that the disc does not slip on the ground, we realize that equation (6) is valid for the disc. We next apply expression (13) to the centre of mass and the point of the disc in contact with the table, Q. Finally, as the table and the disc are not slipping, we equate the tangential acceleration of the contact point to the acceleration of the table, a. From this condition, we get for the acceleration of the table the result a = 2α R.
As in the case of expression (18), the term 2α R is the relative tangential acceleration of two points that are at a distance 2R apart. 
Concluding remarks
I have observed that many of my first year students equate rolling without slipping with the idea that the acceleration of the centre of mass must be equal to the product of radius and angular acceleration. The central goal of this paper is the exposition of procedures that avoid the use by rote of this relationship, which moreover is not always valid.
I believe that one of the reasons for this misconception is the use of particular procedures that can lead to the correct expression in particular cases but are of limited applicability. Another possible source of confusion is thinking that the condition of non-slipping means zero absolute velocity at the contact point instead of zero relative velocity.
In contrast, the approach given in the paper is based on basic principles and is of general applicability. The treatment presented for the study of rolling without slipping had two aims. The first was to give a clear definition of rolling without slipping. The student needs to appreciate that non-slipping is connected with non-relative velocity and tangential acceleration and that this fact is not synonymous with zero absolute velocity and acceleration. The second aim was the use of vectorial calculus to obtain the kinematic relationships.
On its own, a good exposition may be not enough to make students change their misconceptions. Sometimes to achieve this objective we need the aid of examples that question the previous perceptions of the student. I believe that the examples proposed here may be useful in attaining this goal.
